Then G is a (new) simple group isomorphic to J.
I. PROPERTIES OF THE GROUP G
The order of G is 1 I(1 I3 -l)( 11 + 1). A Sylow 2-subgroup of G is elementary abelian of order 8 and all odd order Sylow subgroups are cyclic (of prime order).
Every maximal subgroup of G is conjugate to one of the following groups:
(I) Sylow 2-normalizer which is a holomorph of an elementary abelian group of order 8 by a noncyclic group of order 21, (2) Sylow 3-normalizer (which is also a Sylow 5-normalizer) and this is a holomorph of a cyclic group of order 15 by an elementary abelian group of order 4, (3) Sylow 7-normalizer which is a Frobenius group of order 42, (4) Sylow 1 I -normalizer which is a Frobenius group of order 110, (5) Sylow 19-normalizer which is a Frobcnius group of order 114, (6) centralizer 't; x F of an involution t, where F s A, , and (7) the projective special linear group PSL(2, 11).
The group G has precisely one conjugate class of subgroups isomorphic to PSL(2, 11) and two conjugate classes of subgroups isomorphic to A, . If H is a subgroup of G isomorphic to PSL(2, 1 l), then two icosahedral subgroups H, and H, of N which are nonconjugate in H remain nonconjugate in G.
The outer automorphism group of G is trivial. The Schur's multiplicator of G is trivial.
The group G has I 5 conjugate classes of elements, and hence I5 irreducible (complex) characters /.Q (i = I, .., 15) with the following character table. Here A, , A, , A, arc the irreducible characters of degree 6 of a Sylow 19-normalizer (a Frobenius group of order 19.6) and a, , a2 , a3 are three nonconjugate elements of order 19.
The group G has one conjugacy class with 1,463 involutions, one conjugate class with 5,852 elements of order 3, two conjugate classes with 5,852 elements of order 5 in each class, one conjugate class with 29,260 elements of order 6, one conjugate class with 25,080 elements of order 7, two conjugate classes with 17,556 elements of order 10 in each class, one conjugate class with 15,960 elements of order 11, two conjugate classes of elements of order 15 with 11,704 elements in each class and three conjugate classes with 9,240 elements of order 19 in each class.
The group G does not have a doubly transitive permutation representation.
The modular representation of G generated by the matrices .4 and B is absolutely 1 l-modular-irreducible and the (modular) Brauer character e, of this representation has the following values:
Order of an element T Here h is an irreducible (ordinary) character of degree 6 of a Frobenius group of order 19.6 and a,, a2, aa arc three nonconjugatc elements of order 19 (in this Frobenius group). This modular rcprcsentation of G is a faithfui representation of the smallest possible dcgrcc in any field.
Finally, '1\, . A. Coppcl has shown that the group G is a subgroup of the Dickson's simple group G2( I I) related to the Ample Lie algebra of type (G,).
In the whole paper G will dcnote a (fixed) finite group satisfying properties (a), (b), and (c). The other notation is standard.
LER121. 4 2.1. The group G is simple.
Proof. Suppose that O(G) ;i 1, where O(G) denotes the maximal normal odd order subgroup of G. I\:e have C(t) n O(G) = 1 because C(t) does not have nontrivial normal subgroups of odd order. By a transfer theorem all involutions are conjugate in G and so a four-subgroup of G would act fisedpoint-free on O(G), which is not possible. Hence we must have O(G) = 1.
Suppose now that G, is a proper normal subgroup of G and that / G/G', is odd. ~I'c have C(t) < G, , since C(t) has no proper normal subgroups with odd index. Suppose also that G, has normal subgroups of index 2. 'Then G, has a characteristic subgroup C such that G,;C is a nontrivial 2-group. Since C ='I G and all involutions are conjugate in G the group (' must have odd order. Consequently C m_ I and G, is a normal Sylon-2-subgroup of G, which contradicts the condition (c) of our theorem. Hence G, has no normal subgroups of index 2 and so all involutions are conjugate in G, . 'l'he Frattini argument shows G = C(t) . G, , which is not possible. Hence G has no nontrivial odd order factor-groups.
Suppose that G is not a simple group. l'hen G must have a normal subgroup I, such that both 11, i and G'I, are even numbers. But this contradicts the fact that a Sylow 2-subgroup of G is clementarp abelian and all involutions are conjugate in G. The proof is complete.
John G. Thompson has given the following: DEFIXITION 3.1. An odd order subgroup K of a finite group Ii is called a 2-signalizer of I$ if K is normalized by a Sylow 2-subgroup of H.
We can prove here that every 2-signalizer of G has order 1. Suppose that K i 1 is a 2-signalizer of the group G and that S is a Sylow 2-subgroup of G normalizing K. The group S cannot act fixed-point-free on R and we can find an involution t in S such that C(t) n K = K, # 1. This however contradicts the structure of C(t) b ecause k; would be a 2-signalizer of F and we know that P&7,(2, 5) has only trivial 2-signalizers.
Let 7' .-= (,t, , I,= bc a four-subgroup of G. \\'c shall determine here the structure of a maximal T-invariant odd order subgroup 111 of G. Since C( 7') n 119 = I, we have ~ Ai , 1 :l4, . ~ ;lI, . 211, 1, where Mi =: C(tJ n M (z' = I, 2, 3), t, : t,t, and -14, = I, 3 or 5. i1'e may suppose that M, ?= I. If MZ =m= df,, -1, then ;'U is a group of order 3 or 5 and we are finished. Suppose now -It, of 1 and M:, -: 1. The normalizer :V(M) has 7' as a Sylow 2-subgroup, since all 2-signalizers of G are trivial. The involution t, acts f&d-point-free on iM hut f, has nontrivial fixed points on M and so all involution cannot he conjugate in X(32). Consequently AV(M) has a normal 2-complement which contains 1U. By the maximality of M it follows :V(M) = M . 7'. If &I were a p-group, then ;U would be a Sylow p-subgroup of G (p 3 or 5) and M, , Jil, being conjugate in G should also be conjugate in X(M) by a theorem of Burnside. This however is not the case. Hence M is a cyclic group of order 15 in this case. :L'(P) has T as a Sylow 2-subgroup and, since all involutions in N(P) are not conjugate, :V(P) has a normal 2-complement containing M. The masimality of iW gives A'(P) =-42 . 7'. It follows that 1 is a Sylow 5-subgroup of (: and the subgroups AZ1 and 11lZ being conjugate in G arc conjugate in l14T. Hence there is an element p t :1f, such that LL lM,/~ -MZ . Transforming this relation by t, we get p1.1,~~~ := MZ and ~-'121,~ ~J1,~~~l or ~2 E :V(;l1,) and LlZ, is normal in 41 7' which is a contradiction.
If .T1 = 3" 5, then -II is a nilpotent group with a Sylow 3-subgroup P, \ve have X(P,) A1 7' and /'1 =m MIM, is a Svlow 3-subgroup of G. The groups AZ, and LPZZ should be conjugate in 11-Z ' 1' which is not the case. Hence 111 must be a p-group. Suppose that :Q! is not an abelian group. 'I'hen the center Z of :W has order p (p := 3 or 5) and being Y-invariant wc may s~~pposc % -112, . Consider -\-(,21,). Obviously IV(M,) f7 Af ' 7' MIM~T and dV(l'Lf,) -MT. But ilf, and -lIS are conjugate in G and so ;V(:WJ has a normal 2-complement ;G of order p" containing -II, . ill, . It follows that 'V(M, rll,) is not contained in !!Jil. On the other hand :V(;W,AfJ has T as a Sylow 2-subgroup and a normal 2-complement containing 11f which gives X(l%flAZJ = :MT and this is a contradiction.
Consequently M must be an elementary abelian p-group The four-group T is a Sylow 2-subgroup of ;V(M) and hence N(M) does not have a normal 2-complement. This gives that all involutions are conjugate in N(M) and so N(7') n N(M) is a tetrahedral group with a subgroup L == (v':
of order 3. The group L does not fact fixed-point-free on M since 125 + 1 (mod 3). From the structure of IV(T) f o 11 on's that L is contained in the centralizer of an involution 7. The group I, is normalized by a four-group T which is a Sylow 2-subgroup of N(L) and because T contains another involution ? acting nontrivially on 1, we get that N(L) has a normal 2-complement A?. Because 1 A [ is divisible by 15 we get by the previous results that ,@ is a cyclic group of order 15 containing a subgroup L, of order 5. We have --also lV(L,) = MT. Rut N(M,) =-M . 7' which contradicts the fact that L, and &I, are conjugate in G (as two subgroups of order 5 contained in the centralizers of involutions). In conclusion we have the following possibilities for a maximal T-invariant odd order subgroup <kZ of G : group of order 3, group of order 5, cyclic group of order IS and elementary abelian group of order 27.
Let t! be a subgroup of order 5 of C(t). The normalizer %(C;) has a four-group T = \ t, A as a Sylow 2-subgroup, where the involution 7 acts fixed-point-free on (i. Hence :V( c') h as a normal 2-complement Ml which is contained in a maximal T-invariant odd order subgroup Al. By the previous results (about M) WC get that M, is a group of order 5 or a cyclic group of order 15. In the second case denote by I', the group of order 3 of M, . Since 07, is also centralized 1 >y an involution (of 'f), we get in the same way that :V( L',) _: IU,T. Hence we have proved J23ISIA 3.1. Let U he a subgroup of order 5 contained in C(t). Then we have the followinc~ two possibilities:
(ii) N( 7;) has a normal 2-complement M which is a cyclic group of order 1.5 and ;f U, is the subgroup of order 3 of M, then we also have N( 0;) = N(U).
If T =-; (t, 7; is a Sylow 2-subgroup of N(U), then C(t) n M = U, C(T) n M = U, and C(t7) n M = (1).
IV. THE ORDER OF G
The irreducible characters of C(t)/(t,) z F g A, are considered as characters of C(t):
In this table pr , p2 are two nonconjugate elements of order 5, T is an involution and b is an element of order 3. Let us denote the nontrivial linear character of C(t)/F by 5. Let the "special classes" of C(t) be formed by the elements t . x, where x is any element of odd order of P. We have the following basis of the module (over integers) of generalized characters of C(t) vanishing on nonspecial classes of C(t):
We are applying now the exceptional character theory of Suzuki [14] . Denoting by 1 x / the norm (x, x) of a character x we have in our case 1 vr* 1 = / pr 1 = 4 and (x0 , qr) = (1 o , qr*), where yr* denotes the induced character of G and 1, the principal character of G. Similarly where xi , yi , zi denote non principal irreducible characters of G, ci , vi , ti are all &l and the irreducible characters which appear in a fixed pi* (z' = 1, 2, 3) are different. Now we have two possibilities: (1) the irreducible characters appearing in vr* and y2* are all different, (2) pr* and us* contain at least one irreducible character in common.
JANIio
Case (1). JVe have j vr* + p3* 1 = / yi -!-~a 1 = 12 and so we can denote the characters in such a way that a, :== x, , nZ --: x2 , <i ~=: pi , iZ = <a and all other irreducible characters appearing in qi* and q+* are different. Similarly from I CT~* -t pa* 1 ~~ I 9)% I-9 :+ ~ = 12 follows after a suitable notation (of the characters appearing in ps*) z:r = 3 1,cq:=y2,53-.=11,54~172.
Case (2) . Since / q~i* -I-q~s* I -= / q, .~ qZ , -r 8, we get after a suitable notation Pl *:I G + 61%
:
where all differently denoted characters are different. Recause the characters q~r* and us* have precisely two irreducible characters in common and they appear with the same multiplicity.
The same is true for the pair vs*, ~a *. This gives essentially only one possibility:
where zp is different from all irreducible characters appearing in vi* and q+". We shall use many times the following:
LEMMA OF SUZUKI [14] . In particular we have the following values of the characters on the involution t:
Case ( If x is an irreducible character of G which appears in p):* with multiplicity n, (1 < i < 4), then
where CJ is any element of the set of "special classes" of N( c'). Now we have the following decomposition of the induced characters cpi*: and Ea" (of degree 2). The generalized character F = to" } [i" -Er" vanishes on the nonspecial classes of IV(I)') and we have 'p* = 1, + E,'s~' I-~a'xa', where 1, is the principal character of G, ,vr', s2' are two different nonprincipal irreducible characters of G and ei', ~a' are fr I (ta' pi'). LVe shall apply here the Lemma of Suzuki for the characters rp, q* and the subgroup 4(U) of G:
ahere g = , G 1, hi = l r'~i'( I), /zn = l a'~~'(l). From p*(l) z p*(t) = 0 follow the following relations:
If xi'(t) m= 0, then sa'(t) --~Q' and ~-g/z, :z 2' . 35 . %a Since si' is a character of 2-defect 0, hi is divisible by 8 but not by 16 and so g is divisible by 16 which is not possible. Hence .x1' and x2' are characters of positive 2-defect. Suppose at first that vve arc in Case (1) The character x1' is a character of 2-defect 1, and hence h, + 1 is divisible by 4 but not by 8. It follows that 2" is the exact power of 2 dividing h, + 5. On the other hand the numbers h, and h, f-1 are relatively prime and both divide g and so (h, (-5)a must be a divisor of 27 . 35 5. Also we know that g is not divisible by 32 and so (hi - 1 +fl +f2 +I"3 =o, wherefi = E,x~(~), i = 1, 2, 3. We put alsof, = f77 and in the relations and we see that we get integral solutions in f2 and f3 only for fi = -77. In this case we get f2 = ---7 . 19 and f3 = 19 . 11.
Suppose now that we are in the Case (2) of the exceptional character theory of C(l). The values of the irreducible characters on 7 . v are in this case: 1 (;(Tv) = 1, xr(7v) = E, , xa(7~) .= Ed , XJTV) = c3 , ~JTv) = ~~(7") = Z~(TV) = 0, vi(~) = 1, ZJ&-V) = -1. From the relation T*(W) -= P(W) = 3 follows that x1', x2' arc equal to one of the characters xi , xp , .x3 , r~i , z1a . Using the second relation in (**) we see that we may suppose that xi' -= xa and .x2' = or and so we get xi'(t) == &5, x2'(t) = &4 as before. For the index Barr of a Sylow 11-normalizer we have the following two possibilities: n,, = 8 . 5 . 19 or 4 . 3 . 7 . 19. However by the structure of a Sylow 3-normalizer follows that the first case cannot occur. Also using the structure of C(t) and a Sylow 5-normalizer we get that a Sylow 1 l-normalizer is a Frobenius group of order 11 . 10.
Because the index of a Sylow 7-normalizer must be divisible by 4, 11 and 19 we get that a Sylow 7-normalizer is a Frobenius group of order 7 * 6.
From the structure of Sylow normalizers we can count the number of conjugate classes and the number of elements in each class. If we sum up the number of elements in each class we get 175,560, which is the order of our group G. Also we remark that all four-subgroups of G are conjugate and that the normalizer of a four-subgroup of G is direct product of a group of order 2 and a tetrahedral group. Ya, 48 =Y4 1 $43 = VI, #iO -= v2). Here we are using the fact that the irreducible characters belonging to 2-blocks of defect 0 vanish on 2-singular elements. Also we can put p + p-l= -&l -2/s), p2 +pmB2 m= -&(l + d5), where p is a primitive 5-th root of 1.
We shall use now the following:
LEMMA OF BRAUER AND SUZUKI [4] . Let G be an arbitrary group of finite order. Suppose that G contains an abelian subgroup A satisfying the Here F = f 1, a is a certain integer, and the first summation extends over exceptional characters, while the second one ranges over all the nonexceptional characters. We have moreover (a + c)" f (w -1)a" t cc2 = 1 + 1.
Also every c is a rational integer.
We shall apply this Lemma in the case where A = G,, is a Sylow 19-subgroup of our Group G. Here I = 6, w = 3 and we have three exceptional characters Xi , X, , X, . We get This can be proved by using the Frobenius reciprocity law and a result of Suzuki [14] . Because / vi* j = / vz 1 (i = 1, . . . . 8) we have the following decompositions of the induced characters cpi* of G:
where tZ , yi , Bi , Ed', Q', O,', Ed , ?ji are all equal *I and ui , Si , wi , ri , vi', lo;', zii ) Cz are irreducible nonprincipal characters of G which are different in a fixed p,* (i = 1, . . . . 8). Because 1 v5* + F,* 1 = / v5 + F, / = 3 we may suppose Ur = vr', <r = -7t'.
Because 1 v6* + q8* j = 3 we may suppose Z', = wl', 7jl = -fY1'.
Hence we have v5 * = ?jl'wl' + Q'z12' f&* = i31'w1' + ez'wz' Let x be any irreducible character of G. Then ~("7) = n, -n2 . Since we have precisely 6 irreducible characters of G which do not vanish on v . 7 (element of order 6), qi * and v,* do not have characters in common and the set of characters ur , u2 , " F, , 2~~ , ti, is equal to the set of characters x1 , .x2 , .x3 , z1,ti2.Because~,*(l)=Oanda,(Tv) = l~emusthave~,*=l~+~,~~x,. Because v2*(1) = 0 and ~~(7,) = -1 we must have CJ+* ~= sy ~~ xx -Us Also we have
x(t . PL) = (717 -?zs) + (n, -n5) . (p" t p-") = (?z, -?LJ + (?z6 -n,) . ' +2d5
Since we have precisely 8 irreducible characters of G which do not vanish on t . p (element of order IO), all d ff i erently denoted characters in the decompositions of p5*, ys*, p7*, and px* are different and the set of characters Vl', _ -2'2(, WI', %!), u2 , v2 7 C3 is equal to the set of characters x3 , yr , y2 , ya , y4 , vi , zj . Since precisely four irreducible characters of G have nonrational value on t . p, the set of characters z't', z'.,', Wl, ' We' is equal to the set of characters yr , y2 , y3 , y4 . We are taking the first conjugate class of the elements of order 10 in our table of characters Section I as the conjugate class of t . CL. Because p,*( 1) = 0 the set nt', z& is a subset ofy, , y3 , vu1 , V? and hence or' is one of the characters y2 , y3 . Since z1r'( 1) = v~'( I), we have that the sets or', vz' and y, , ys are equal.
We have q'(tp) = -&~t'( 1 -d5) and yt(fp) = -&l + 2/s), y3(tp) = -&( I -2/s). Hence or' 1 1, ye' =: -I and cp5* = y3 -yz . In the similar way we get CJJ~* = yr ~ y4 Further we have q7* = 1, -ya + ziz and because cp7*(I) = 0 and z&(tp) =_ 1 we get IJ+* = I, --ys -t z?~ . Finally p*s = y4 & vr & xs and ~s*( 1) = 0 gives qs* = y4 + vu1 -x3 . It remains to establish the decompositions of p3* and q4*. Obviously the characters zr and z2 must appear in p3*, pa* since ~~(1) and x,(l) are not divisible by 15. But both zr and z2 cannot appear in pa* (or p4*) because of the fact that p,*(l) = 0 and ~~(1) -+ z2( I) = 112 is not degree of any irreducible character of G. We may suppose wr = zr , y1 = z2 . Now, ITa* t p6* 1 = 7 and so va* and y5* have precisely one character in common, say wa, with the same multiplicity. Suppose w2 = yz , 0, == -1. Also 1 pa* + F~* 1 = 4 and so pa* and F~* have precisely one irreducible (non- By the structure of C(t) we get that C(t) n -1(1 has a normal 2-complement K of order 1, 3 or 5. Using a result of Gorenstein-Walter [8] wc can determine the structure of !M.
If 1 K / = 1, then M s -g;, because 1' cannot be normal in ;M. If 1 K = 3, then Mg PSL(2, 11) or iVZ= PX (2, 13) . H owever the second case cannot occur because 13 does not divide 1 G 1. If 1 K I = 5, then fV= PSL (2, 19) . But this case also cannot occur because 9 does not divide G . The intersection of two subgroups (of G) isomorphic to Ja cannot contain such a pair because every such pair of elements generates a group isomorphic to d, It follows that G contains precisely 3 . 1463 different subgroups isomorphic to .+lj The conjugate class of subgroups isomorphic to --Ia which arc centralized by some involutions consists of 1,463 subgroups. Hence G contains 2 1,463 self-normalizing subgroups isomorphic to :I6 which must form one conjugate class. The lemma is proved.
LEnlM. 4 8.3 . Suppose that K v_ t'SL(2, I 1) is a subgroup of G. If K, and K, are two icosahedral nonconjugate subgroups of h-, then they remain nonconjugate in G.
Proof.
VVe know from [7] that K has a dihedral subgroup D1, of order 12 which has two dihedral subgroups DC and D,' of order 6. Every dihedral subgroup of order 6 of K is contained in an icosahedral subgroup of K and K has precisely two conjugate classes of dihedral subgroups of order 6 with representatives D, and Ds'. On the other hand from the structure of a Sylow 3-normalizer in G we set that D, and D,;' remain nonconjugate in G. Also wc know that K has precisely two conjugate classes of icosahedral subgroups with representatives K, and K, It follows that K, and Kz remain nonconjugate in G. LEMMA 8.4 . The group G has at most one conjugate class of subgroups isomorphic to PSL(2, 11).
hoof. Let K be a subgroup of G isomorphic to PSL(2, 1 I), R a Sylow 11 -normalizer in K, R, a Sylow 5-subgroup of R and 7 an involution which normalizes R and centralizes R, We have K n K' =: R and D = N(R,) n K is a dihedral group of order 10. Also we have N(R,) n K' = D'. From the structure of N(Rs) we see that I1 and 11' are the only dihedral subgroups of order 10 contained in N(Rg) that are not normalized by T. Any other subgroup of G that is isomorphic to PSL(2, 11) I US a conjugate K' which contains R.
If K' T K and K' 1 K', then the dihedral group N(R,) n K' must be normalized by T. Hence 7 E N(K') and so 7 E K' which contradicts the structure of K'e PSL(2, 1 I). It follows that K' : K or K' m: K' and the lemma is proved.
In Section X\,'I we shall prove that the group G in fact has a subgroup isomorphic to PSL(2, 11). Hence we have LEMMA X.5. Every maximal subgroup of G is conjugate to one of the following groups:
(i) Sylow p-normalizer (p _-2, 3, 5, 7, 11, 19),
(ii) centralizer <t> x F of an involution t, where F g A, , and (iii) the projective special linear group PSL(2, 11).
The group G has precisely one conjugate class of subgroups isomorphic to PSL(2, 11) and two conjugate classes of subgroups isomorphic to A, . If K is a subgroup of G isomorphic to PSL(2, 1 I), th en two icosahedral subgroups KI and K, of k' which are nonconjugate in K remai?z nonconjugate in G.
IX. THE AUTOMORPHISM GROUP OF G LEMMA 9.1. The group G is complete.
Proof. Let A be a finite group containing G as a normal subgroup and C,(G) = (1). Suppose A > G. By a result of Brauer [2] , 1 A/G 1 is odd. Let N be the centralizer of an involution t in G. Then H = C,(t) = (t> X F, where F z -4, and N is a maximal subgroup of G. For any a E A, H" is conjugate to H in G and hence 4 -= NJH) * G. We have also N,(H) = II. The group G is 2-generated. Moreover, G = (a, b) for suitable nontrivial elements a, b of any possible order with the only exception that both a and b cannot be involutions.
Proof.
The lamma follows easily from the character table of G, a result of Brauer [4, p. 5801 and Lemma 8.4.
XI. THE SCHUR'S ~~ULTIPLICATOR
OF G LEMMA 11.1. The Schur's multiplicator of G is trivial.
Proof. Let R be a finite group containing a normal subgroup X such that R/X G G, X < Z(G) and R' 3 X. All odd order Sylow subgroups of G 481/3/z-4 have prime order and so by a result of Schur [/2] X is a 2-group. By the way of contradiction, suppose X :f t,l/. Let I\: be a subgroup of index 2 in S.
Because the group R/N has properties (RjA')j(X/!V) g G, AY;A: < Z(R;IV), and (R/iV)' ,> X/l\. we may suppose that S has order 2. \Ve have also R' := R. Let S/X be a Sylovv 2-subgroup of R:X. Then 1 S ;
16 and S;A\-is elementary abclian of order 8. Let f,:.Y be the normalizer of S:S in IZ~_\~. 'Then L;'S is a noncyclic group of order 2 1.
Suppose at first that S is abelian. 'l'hen by a transfer theorem R has a normal subgroup of index 2 which is not possible.
It follows that S is a nonabclian group of order 2". By a result of Burnside We are able to rule out the possibilities (I))(1 I). In the cases (I), (2), (6), (7), (S), (9) and (10) --1, which is not possible. Hence we must have CJ+,, ~=m I/J, #j . The value of vz,, on an involution is novv 4 and on an clement of order 7 is ~ I. Let us consider a Frobenius subgroup E, of order 14 and let t be the linear nonprincipal character of E', . We get (~a,, , [)F, -~ I, which is not possible.
Let p5 be the modular character of degree 5 in the cases (3) (5) and (11). In all these cases we have the following relation (on I l-regular elements)
where $iC = I+!J~ or I& or #s . Th e restriction of ~~ on a Sylow 7-subgroup U of G is an ordinary character of L: and the value of y5 on an element of order 7 is ---2. Hence (:qs , 1 U: c, = ~~~ 1, which is not possible.
It remains to rule the case (4). Let us denote the modular character of degree 18 by prR , On the 1 l-regular elements of G we have the following relation where $I x $~a or I& or #s . Suppose at first that +r = J+!J~ Then the value of qis on an involution is -6 and (vi8 , l,Y), = -3, which is not possible. Hence we must have G1 = I,!J~ or I+$. The value of his on an involution is now 2 and on an element of order 7 is 3. We get (q+a, OF1 1. -1, which is not possible.
It follows that we must be in one of the cases: (12), (13) or (14) . Let us <denote by q~ the modular character of degree 7. In all these cases we have the following relation (on 11 -regular elements):
where & = $9 or ho T A =-A1 or A2 , and lcrl = A or A or lCIR .
Suppose at first that abn2 = G9. If moreover 4,. = & or I/+ , then the value of v on an involution is 7 and this is not possible. We must have The case p := 3:
Here we have 4 blocks of defect 1: By considering the Sylow I l-normalizer, it is clear that in the fields of characteristic 2, 10 is the smallest possible faithful representation degree of G. This representation of H can be considered as a representation in the field GF(lI). It is known that in this new sense the representations remains to be absolutely irreducible.
We are planning to extend this representation to a representation I/* of G in a field of characteristic 11. It is clear that this extension must lie also in the prime field GF(l1). Suppose that there is an x E G such that the matrix JANKO V*(X) == (01~~) has an cyij which does not lie in GF(I 1). The representation V* is realized in the field GIJ(l l"), n -b 1, and so there is an element 0 of the Galois group of GF( 11") over GF( 11) such that n$ # CQ . Applying Q on all matrices of I'* we get a new absolutely irreducible representation I'*' of G.
However V*@ must be equivalent to V* (by Lemma 12.2). But we have V*'(y) = V*(y) for all y E B and so the matrix X E GL(7, 11") which performs this equivalence must commute with all matrices V*(y), (y E N). It follows by a Schur's lemma that S is a scalar matrix and hence I'*' _ V* which is a contradiction.
There is an involution 7~ G \ H such that 7~ ~7 ~7 and 7~7 :-= v-l. (1) P"+y'-t'qt-Y)+3PY=O (2) 3p-+3y+a:= -1. From (1) and (2) 2  11  3  13  -2  1  1  3  1  3  3  1  1  3  1  3  3 -2  1  3  1  3   1 3-2 1, 3
Because His a maximal subgroup of G, the representation V* of G is defined. We have constructed the simple group G as a subgroup of GL(7, I I ) generated by the matrices T, , M, , N, , and L.
We know that G does not have a proper subgroup whose order is divisible by 35 and so we have proved our: THEOREM.
G is a simple group isomorphic to the subgroup J of GL(7, 11) generated by matrices A( =Arl) and B.
Also the 1 l-modular irreducible representation of G generated by matrices A and B has Brauer character p given in Section I.
The matrices A and B are orthogonal and so G is isomorphic to a subgroup of O(7, 11).
XV. THE EXISTENCE OF G
We shall consider here the group J1 generated by matrices T, , &f, , N, , L over GF(I 1) (Section XIV). Our aim is to show that the group Jr has properties (a), (b) and (c) stated in our Theorem. .-&o we have NL = N-l, ML y= Mh'. Using the relation ("), it follows that for every Ci (1 :z< i < 11) and R E H, v-e can find Cj and the elements /I', II" E H, such that CihL = h'C;l/".
Lising these relations repeatedly, it follows that for every pair C, , (I, (I <i,j<ll) andfor everykEH,wecan find C,(l <~<ll) andthe elements k, , k, E N, such that C,kC, = k,C,k, , and this shows that the set 0 forms a group. It remains to show that for each Ci (1 < i < 11) and each a (0 < a < 6) there exist h, , h, E H, and Cj (I < j < 11) such that h,(CiNaTL)hz = C', . For i = 1 and 0 < N < 6 we have j = 2 and we may take h, = (N"T)-l, h,=I.Fori=2andO<oi<6wehavej=3andwemaytakeh1-=W, AZ = I. For the other values of i and 01 we give the solutions forj, h, and 12, in the following table: VVTe have proved that C(S) = S. Take the involution t from S and suppose S c< H1 . Let K be a complement of ;t> in C(t). The group K n 13, is isomorphic to A,. If I' is a Sylow 2-subgroup of K n H, , then C( 1') n K ~~ V and ,%:(I') n K z A, . By a result of Janko [IO] we have K 'i. N, and so 1' is not normal in K. Let 7 be an involution contained in I/. Because C'( 1') n K = V, a normal 2-complement of C(T) n K is abelian. Put b = a-'t, and c = t,t,a-l. The matrices a, b, and c satisfy the following relations a5 = b5 = c5 = (ab)2 = (bc)2 = (~a)" = (abc)" = 1, and so by a result of Coxeter [6] the group <a, 6, c I is isomorphic to PSL(2, 11). The lemma is proved.
XVII. THE GROUP G AS A SUBGROUP OF DICKSON'S SIMPLE GROUP G,( 11)
The following lemma is due to W. A. Coppel.
LEMMA 17.1. The group G is a subgroup of the Dickson's simple group G,( 11) related to the simple Lie algebra of type (G,).
Proof. Let Q denote the quaternion algebra over a field 9. Every a E Q has a unique representation where~~LLE,iz=jz=k%=-l,ij= -ji=k,jk=-kj=i,ki=-ik=j.
The conjugate quaternion ti is Hence the group J, which is generated by N1 , Tl , Ml , C,, is conjugate to a subgroup of G2( 11).
